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E Proof of Lemma 4

For a given contract ws(q), the effort choice problem of the agent can be written successively

as:

max
e

E
[
u
(
W̄ + ws(q)

)]
− C(e) ⇔ max

e

∑
s

∫ +∞

q

u
(
W̄ + ws(q)

)
f(q, s|e)dq − C(e)

The second derivative of the agent’s objective function with respect to e is negative for any e

if and only if:

∑
s

∫ +∞

q

u
(
W̄ + ws(q)

) ∂2f(q, s|e)
∂e2

dq < C ′′(e) ∀e ∈ (0, ē). (E.1)

Assume that u is bounded from above, with limw→∞ u(w) ≡ u+. In addition, with limited

liability, the minimum payment is ws(q) = 0; with an increasing utility function, this implies

that the minimum value of u is u(W̄ ). Therefore, for any {q, s}:

u
(
W̄ + ws(q)

)
∈
[
u(W̄ ), u+

]
Using notationsK+

e andK−e defined in Equations (B.1) and (B.2), we can rewrite the expression

on the LHS of Equation (E.1) as

∑
s

∫ +∞

q

u
(
W̄ + ws(q)

)
min

{
∂2f(q, s|e)

∂e2
, 0

}
dq+

∑
s

∫ +∞

q

u
(
W̄ + ws(q)

)
max

{
∂2f(q, s|e)

∂e2
, 0

}
dq

(E.2)

As established above, we have u
(
W̄ + ws(q)

)
≥ u(W̄ ) for any q, s, and u

(
W̄ + ws(q)

)
≤ u+

for any q, s. Therefore, for any q, s such that ∂2f(q,s|e)
∂e2

≤ 0 we have u
(
W̄ + ws(q)

) ∂2f(q,s|e)
∂e2

≤
u(W̄ )∂

2f(q,s|e)
∂e2

; and for any q, s such that ∂2f(q,s|e)
∂e2

≥ 0 we have u
(
W̄ + ws(q)

) ∂2f(q,s|e)
∂e2

≤

equilibrium output distribution. Thus, a higher scale parameter results in a lower likelihood ratio for high
output levels, which further diminishes the sensitivity of the likelihood ratio to output (and thus PPS) if the
likelihood ratio of output is convex – reinforcing the effects described in the main text. This explains why part
(iv) also requires the likelihood ratio of output to be weakly convex, whereas part (iii) does not.
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u+ ∂2f(q,s|e)
∂e2

. Integrating and summing over q and s, this implies that expression (E.2) is less

than K−e u(W̄ ) +K+
e u

+, which completes the proof. �

F Proof of Proposition 3

From Equation (8), since ζs > 0, σs > 0, and g(·) > 0, a distribution with location and

scale parameters that satisfies MLRP is such that g′(·) > 0 if q is lower than a threshold,

and g′(·) < 0 if q is higher than this threshold, i.e., the PDF g is single peaked – the output

corresponding to the peak is denoted by qPs . For symmetric distributions, the single peak of

the distribution, which is such that g′
(
qPs −ξs
σs

)
= 0, is at qPs = ξs for s ∈ {si, sj}. With CRRA

utility, characterized by u′(w) = w−γ and u′−1(w) = w−
1
γ , provided that the FOA holds we

have:

ws(q) =


(
λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q|ê,s)
f(q|ê,s)

]) 1
γ

− W̄ if λ+ µ
[
∂φsê/∂e

φsê
+

∂f
∂e

(q|ê,s)
f(q|ê,s)

]
≥ 1

u′(W̄ )

0 if λ+ µ
[
∂φsê/∂e

φsê
+

∂f
∂e

(q|ê,s)
f(q|ê,s)

]
< 1

u′(W̄ )

. (F.1)

For γ > 1, we use the condition for the FOA in Lemma 4. For γ ≤ 1, we derive a condition

for FOA to hold in this setting. The FOA holds if:

∑
s

∫ +∞

q

u
(
W̄ + ws(q)

) ∂2f(q, s|e)
∂e2

dq < C ′′(e) ∀e ∈ (0, ē), (F.2)

where u(w) = w1−γ

1−γ if γ < 1 and ln(w) if γ = 1, and ws (q) is defined by Equation (F.1).

Part (i): Suppose that signals si and sj differ only in their individual informativeness:
∂φ

si
ê /∂e

φ
si
ê

>
∂φ

sj
ê /∂e

φ
sj
ê

(si and sj are associated with the same output distribution). For notational

convenience, let φ̃s ≡
∂φsê/∂e

φsê
and ws(q) ≡ Wq(φ̃s), which is a continuous function of φ̃s. For a

given q, we can write:

wsi(q)− wsj(q) = Wq(φ̃i)−Wq(φ̃j) =

∫ φ̃i

φ̃j

∂Wq(φ̃)

∂φ̃
dφ̃.

Holding all else constant including Lagrange multipliers (we are comparing two signal realiza-

tions, i.e. we do not change parameters of the contracting environment), for given q and s such
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that ws(q) > 0:

∂Wq(φ̃)

∂φ̃
=

∂

∂φ̃


(
λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q|ê, s)
f(q|ê, s)

]) 1
γ

− W̄


=

µ

γ︸︷︷︸
> 0

(
λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q|ê, s)
f(q|ê, s)

]) 1
γ
−1

︸ ︷︷ ︸
≥ 0 since ws(q) ≥ 0

, (F.3)

For given q and q0, we have

wsi(q)− wsi(q0)

q − q0

≥
wsj(q)− wsj(q0)

q − q0

⇔ wsi(q)− wsj(q)−
(
wsi(q0)− wsj(q0)

)
≥ 0. (F.4)

Thus, for given q and q0 such that q > q0 and ws(q0) > 0, we have:

wsi(q)− wsj(q)−
(
wsi(q0)− wsj(q0)

)
=

µ

γ

∫ φ̃i

φ̃j

(λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q|ê, s)
f(q|ê, s)

]) 1
γ
−1

−

(
λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q0|ê, s)
f(q0|ê, s)

]) 1
γ
−1
 dφ̃.

We have: q > q0 which implies
∂f
∂e

(q|ê,s)
f(q|ê,s) >

∂f
∂e

(q0|ê,s)
f(q0|ê,s) by MLRP, so that, for a given φ̃s:

λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q|ê, s)
f(q|ê, s)

]
> λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q0|ê, s)
f(q0|ê, s)

]
(
λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q|ê, s)
f(q|ê, s)

]) 1
γ
−1

>

(
λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q0|ê, s)
f(q0|ê, s)

]) 1
γ
−1

iff γ < 1.(F.5)

If γ < 1, the condition in (F.5) holds, and so (F.4) also holds. If γ < 1, (F.5) does not hold,

and so (F.4) does not either. If γ = 1, the equation in (F.5) is satisfied as an equality so that

the expression on the right in (F.4) is equal to zero.

Part (ii): Suppose that signals si and sj differ only in their equilibrium location parameter,

with ξi > ξj. Let ws(q) ≡ Wq(ξs), which is a continuous function of ξs, since
∂f
∂e

(q|ê,s)
f(q|ê,s) is by

assumption continuously differentiable in the equilibrium location parameter ξs. For a given

q, we have:

wsi(q)− wsj(q) = Wq(ξi)−Wq(ξj) =

∫ ξi

ξj

∂Wq(ξ)

∂ξ
dξ.
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Holding all else constant including Lagrange multipliers, for given q and s such that ws(q) > 0,

we have:

∂Wq(ξ)

∂ξ
=

∂

∂ξ


(
λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q|ê, s)
f(q|ê, s)

]) 1
γ

− W̄


=

µ

γ︸︷︷︸
> 0

∂

∂ξ

{
∂f
∂e

(q|ê, s)
f(q|ê, s)

}(
λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q|ê, s)
f(q|ê, s)

]) 1
γ
−1

︸ ︷︷ ︸
≥ 0 since ws(q) ≥ 0

, (F.6)

where:

∂

∂ξ

{
∂f
∂e

(q|ê, s)
f(q|ê, s)

}
=

∂

∂ξ

− ζsσs
g′
(
q−ξs
σs

)
g
(
q−ξs
σs

)


= − ζs
σ2
s

G(q)︸︷︷︸
≥ 0

, (F.7)

where G is defined in Equation (A.7). For given q and q0, we have

wsi(q)− wsi(q0)

q − q0

≥
wsj(q)− wsj(q0)

q − q0

⇔ wsi(q)− wsj(q)−
(
wsi(q0)− wsj(q0)

)
≥ 0. (F.8)

Thus, for given q and q0 such that q > q0 and ws(q0) > 0, we have:

wsi(q)− wsj(q)−
(
wsi(q0)− wsj(q0)

)
=

µ

γ

ζs
σ2
s

∫ ξi

ξj

(
−G(q)

(
λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q|ê, s)
f(q|ê, s)

]) 1
γ
−1

+G(q0)

(
λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q0|ê, s)
f(q0|ê, s)

]) 1
γ
−1)

dξ. (F.9)

From Equation (A.6) and the definition of G(q) in (A.7), the likelihood ratio of output is

weakly concave in q if and only if G′(q) ≤ 0 in which case 0 ≤ G(q) ≤ G(q0) since q > q0. In

addition, q > q0 implies
∂f
∂e

(q|ê,s)
f(q|ê,s) >

∂f
∂e

(q0|ê,s)
f(q0|ê,s) by MLRP, so that, for a weakly concave likelihood
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ratio and γ ≥ 1:

λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q|ê, s)
f(q|ê, s)

]
> λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q0|ê, s)
f(q0|ê, s)

]
(
λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q|ê, s)
f(q|ê, s)

]) 1
γ
−1

≤

(
λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q0|ê, s)
f(q0|ê, s)

]) 1
γ
−1

G(q)

(
λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q|ê, s)
f(q|ê, s)

]) 1
γ
−1

≤ G(q0)

(
λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q0|ê, s)
f(q0|ê, s)

]) 1
γ
−1

.(F.10)

We conclude that if the likelihood ratio is nonconvex and γ ≥ 1, then (F.10) holds and, using

Equation (F.9), (F.8) holds too. Symmetrically, if the likelihood ratio is weakly convex (so

that G′(q) ≥ 0) and γ ≤ 1, then the inequality in (F.10) is reversed, so that it is reversed in

condition (F.8) too. Finally, if the likelihood ratio is linear (so that G′(q) = 0) and γ = 1, then

(F.10) holds as an equality, and so does condition (F.8).

Part (iii): Suppose that signals si and sj differ only in their impact parameter, with ζi > ζj.

Let ws(q) ≡ Wq(ζs), which is a continuous function of ζs, since
∂f
∂e

(q|ê,s)
f(q|ê,s) is by assumption

continuously differentiable in the parameter ζs. For a given q, we have:

wsi(q)− wsj(q) = Wq(ζi)−Wq(ζj) =

∫ ζi

ζj

∂Wq(ζ)

∂ζ
dζ. (F.11)

As above, holding all else constant including Lagrange multipliers, for given q and s such that

ws(q) > 0:

∂Wq(ζ)

∂ζ
=

∂

∂ζ


(
λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q|ê, s)
f(q|ê, s)

]) 1
γ

− W̄


=

µ

γ

∂

∂ζ

{
∂f
∂e

(q|ê, s)
f(q|ê, s)

}(
λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q|ê, s)
f(q|ê, s)

]) 1
γ
−1

︸ ︷︷ ︸
> 0 since ws(q) > 0

, (F.12)

where

∂

∂ζ

{
∂f
∂e

(q|ê, s)
f(q|ê, s)

}
=

∂

∂ζ

− ζsσs
g′
(
q−ξs
σs

)
g
(
q−ξs
σs

)
 = − 1

σs︸︷︷︸
< 0

g′
(
q−ξs
σs

)
g
(
q−ξs
σs

)
︸ ︷︷ ︸
< 0 for q > qPs

. (F.13)
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Thus, at output q, we have:

∫ ζi

ζj

∂Wq(ζ)

∂ζ
dζ =

∫ ζi

ζj

µ

γ

1

σs

−g′
(
q−ξs
σs

)
g
(
q−ξs
σs

)


︸ ︷︷ ︸
> 0 for q > qPs

(
λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q|ê, s)
f(q|ê, s)

]) 1
γ
−1

︸ ︷︷ ︸
> 0 since ws(q) > 0

dζ.

In sum, with q > q0 > max{qPs , q∗s , ξs}, we have:

wsi(q)− wsj(q)−
[
wsi(q0)− wsj(q0)

]
= Wq(ζi)−Wq(ζj)− [Wq0(ζi)−Wq0(ζj)]

=
µ

γ

1

σs

∫ ζi

ζj

(−g′
(
q−ξs
σs

)
g
(
q−ξs
σs

)
(λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q|ê, s)
f(q|ê, s)

]) 1
γ
−1

−

−g′
(
q0−ξs
σs

)
g
(
q0−ξs
σs

)
(λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q0|ê, s)
f(q0|ê, s)

]) 1
γ
−1)

dζ. (F.14)

For q > max{qPs , q∗s , ξs}, both −g′( q−ξsσs
)

g( q−ξsσs
)

and
(
λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q|ê,s)
f(q|ê,s)

]) 1
γ
−1

are positive and

weakly increasing in q (by MLRP) if γ ≤ 1. Therefore, if γ ≤ 1, expression (F.14) is positive.

Using (F.8), this means that, with ζi > ζj, the PPS measure ws(q)−ws(q0)
q−q0 is higher under si than

under sj.

Part (iv): Suppose that signals si and sj differ only in their scale parameter, with σi > σj.

Let ws(q) ≡ Wq(σs), which is a continuous function of σs, since
∂f
∂e

(q|ê,s)
f(q|ê,s) is by assumption

continuously differentiable in the scale parameter σs. For a given q, we have:

wsi(q)− wsj(q) = Wq(σi)−Wq(σj) =

∫ σi

σj

∂Wq(σ)

∂σ
dσ. (F.15)

Holding all else constant including Lagrange multipliers, for given q and s such that ws(q) > 0:

∂Wq(σ)

∂σ
=

∂

∂σ


(
λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q|ê, s)
f(q|ê, s)

]) 1
γ

− W̄


=

µ

γ︸︷︷︸
> 0

∂

∂σ

{
∂f
∂e

(q|ê, s)
f(q|ê, s)

}(
λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q|ê, s)
f(q|ê, s)

]) 1
γ
−1

︸ ︷︷ ︸
> 0 since ws(q) > 0

,

6



where:

∂

∂σ

{
∂f
∂e

(q|ê, s)
f(q|ê, s)

}
=

∂

∂σ

− ζsσs
g′
(
q−ξs
σs

)
g
(
q−ξs
σs

)


=
ζs
σ2
s︸︷︷︸

> 0

g′
(
q−ξs
σs

)
g
(
q−ξs
σs

)
︸ ︷︷ ︸
< 0 for q > qPs

+
ζs
σs︸︷︷︸
> 0

G(q)︸︷︷︸
≥ 0

ξs − q
σ2
s︸ ︷︷ ︸

< 0 for q > ξs

. (F.16)

So, at output q:

∫ σi

σj

∂Wq(σ)

∂σ
dσ =

∫ σi

σj

µ

γ

ζs
σ2
s


g′
(
q−ξs
σs

)
g
(
q−ξs
σs

) +G(q)
ξs − q
σs︸ ︷︷ ︸

< 0 for q > max{ξs, qPs }


(
λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q|ê, s)
f(q|ê, s)

]) 1
γ
−1

︸ ︷︷ ︸
> 0 since ws(q) > 0

dσ

In sum, with q > q0 > max{qPs , q∗s , ξs}:

wsi(q)− wsj(q)−
(
wsi(q0)− wsj(q0)

)
= Wq(σi)−Wq(σj)− (Wq0(σi)−Wq0(σj))

=
µ

γ

ζs
σ2
s

∫ σi

σj

(g′
(
q−ξs
σs

)
g
(
q−ξs
σs

) +G(q)
ξs − q
σs

(λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q|ê, s)
f(q|ê, s)

]) 1
γ
−1

−

g′
(
q0−ξs
σs

)
g
(
q0−ξs
σs

) +G(q)
ξs − q0

σs

(λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q0|ê, s)
f(q0|ê, s)

]) 1
γ
−1)

dσ (F.17)

For q > max{qPs , q∗s , ξs},
(
g′( q−ξsσs

)
g( q−ξsσs

)
+G(q) ξs−q

σs

)
is negative and weakly decreasing in q if the

likelihood ratio of output is weakly convex (by MLRP and since then G′(q) ≥ 0, as per point (ii)

above), while
(
λ+ µ

[
∂φsê/∂e

φsê
+

∂f
∂e

(q|ê,s)
f(q|ê,s)

]) 1
γ
−1

is positive and weakly increasing in q (by MLRP)

if γ ≤ 1. Therefore, if γ ≤ 1 and the likelihood ratio of output is weakly convex, expression

(F.17) is negative. Using inequality (F.8), this means that, with σi > σj, the PPS measure
ws(q)−ws(q0)

q−q0 is lower under si than under sj if the likelihood ratio of output is weakly convex

and γ ≤ 1. �
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G The first-order approach with limited liability,

normally distributed output, and log utility

This Appendix provides sufficient conditions for the FOA in the setting considered in Sec-

tion 2.2, with limited liability, normally distributed output, and log utility. We first derive the

optimal contract and provide a sufficient condition for the FOA without an additional signal.

Given effort e ∈ [0, ē], output is determined by

q = e+ ε,

where ε ∼ N (0, σ2).

Proposition 4 Suppose C ′′(e) ≥ ē
σ2 for all e ∈ [0, ē]. Let {w∗(·), e∗} be the optimal contract

and the effort it implements. Then, there exist λ > 0 and q∗ ≤ e∗ + σ2

λ
W̄ such that

w∗(q) =
λ

σ2
·max {q − q∗, 0} .

Moreover, q∗ = e∗ + σ2

λ
W̄ if the IR does not bind.

For example, with a quadratic effort cost, C(e) = αe + β
2
e2, for α > 0 and β > 0, we have

C ′′(e) = β for all e, and the sufficient condition for the FOA is simply β ≥ ē
σ2 .

Proof of Proposition 4:

As usual, let ϕ denote the PDF of the standard normal distribution. Let W (q) ≡ w(q)+W̄

denote the manager’s consumption. His IC, IR, and LL are, respectively:

e ∈ arg max
ê∈[0,ē]

∫
ln (W (q))

1

σ
ϕ

(
q − ê
σ

)
dq − C(ê),∫

ln (W (q))
1

σ
ϕ

(
q − e
σ

)
dq − C(e) ≥ 0,

W (q) ≥ W̄ ∀q.

To simplify notation, we will work with the manager’s indirect utility, u(q) ≡ ln (W (q)),

so that W (q) = exp [u(q)] . This step is without loss of generality. The next step, which in
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general is not without loss of generality, is to replace the IC by its FOC:

∫
u (q)

(
q − e
σ3

)
ϕ

(
q − e
σ

)
dq − C ′(e)


≥ 0 if e = ē

= 0 if e ∈ (0, ē)

≤ 0 if e = 0

, (G.1)

where we used the fact that ϕ′(q) = −xϕ(q), so that d
de

[
ϕ
(
q−e
σ

)]
= q−e

σ2 · ϕ
(
q−e
σ

)
. Since

replacing the IC by its FOC is not always valid, after solving the firm’s relaxed program, we

will need to verify that its solution satisfies the IC.

Writing in terms of the manager’s indirect utility, the IR becomes∫
u (q)

1

σ
ϕ

(
q − e
σ

)
dq − C(e) ≥ 0. (G.2)

It is convenient to multiply both sides of LL by 1
σ
ϕ
(
q−e
σ

)
> 0 to rewrite it as

1

σ
ϕ

(
q − e
σ

)
u (q) ≥ 1

σ
ϕ

(
q − e
σ

)
ln
(
W̄
)
∀q. (G.3)

The principal’s relaxed program is

max
u(·),e

∫
{q − exp [u(q)]} 1

σ
ϕ

(
q − e
σ

)
dq,

subject to (G.1), (G.2) and (G.3).

As in Grossman and Hart (1983), we break down this program in two parts. First, we

consider the solution of the relaxed program holding each effort e ∈ [0, ē] fixed:

min
u(·)

∫
exp [u(q)]

1

σ
ϕ

(
q − e
σ

)
dq,

subject to (G.1), (G.2) and (G.3).

The optimal contract to implement the lowest effort (e∗ = 0) pays a fixed wage. The

utility given to the manager is set at the lowest level that still satisfies both LL and IR:

u(q) = max{ln
(
W̄
)
, C(0)} for all q. To see this, notice that a constant utility u(q) = u∗

always satisfies (G.1):∫
u∗

q

σ3
ϕ
( q
σ

)
dq − C ′(0) =

u∗

σ3
×
∫
qϕ
( q
σ

)
dq − C ′(0) = −C ′(0) ≤ 0.

9



Lemma 5 obtains the solution of the relaxed program for e∗ > 0.

Lemma 5 The optimal contract that implements e∗ > 0 in the relaxed program is

w(q) =
λ

σ2
·max {q − q∗, 0} ,

where q∗ ≤ e∗ + σ2

λ
W̄ (with equality if the IR does not bind).

Proof. The (infinite-dimensional) Lagrangian gives the following FOC:

− exp [u(q)]
1

σ
ϕ

(
q − e∗

σ

)
+λ

(
q − e∗

σ3

)
ϕ

(
q − e∗

σ

)
+µIR

1

σ
ϕ

(
q − e∗

σ

)
+µLL(q)

1

σ
ϕ

(
q − e∗

σ

)
= 0,

where λ is the multiplier associated with (G.1), and µLL and µIR are the multipliers associated

with (G.2) and (G.3). Since the program corresponds to the minimization of a strictly convex

function subject to linear constraints, the FOC above, along with the standard complementary

slackness conditions and the constraints, are sufficient for an optimum. Substitute exp [u (q)] =

W (q) and simplify the FOC above to obtain:

W (q) = λ
q − e∗

σ2
+ µIR + µLL(q).

Suppose first that the IR does not bind, so that µIR = 0. Then, the FOC becomes

W (q) = λ
q − e∗

σ2
+ µLL(q).

For W (q) > W̄ , complementary slackness gives µLL(q) = 0, so that:

W (q) = λ× q − e∗

σ2
,

which exceeds W̄ if and only if

λ× q − e∗

σ2
> W̄ ⇐⇒ q > e∗ +

σ2W̄

λ
≡ q∗.

For W (q) = W̄ , the FOC becomes:

W̄ = λ
q − e∗

σ2
+ µLL(q) ∴ µLL(q) = W̄ − λq − e

∗

σ2
,

10



so that µLL(q) ≥ 0 if and only if

W̄ ≥ λ× q − e∗

σ2
⇐⇒ q ≤ q∗.

Therefore, the optimal contract is

W (q) = max

{
λ (q − e∗)

σ2
, W̄

}
=

{
λ(q−e∗)
σ2 if q ≥ q∗

W̄ if q ≤ q∗
.

Writing in terms of the firm’s payments, we have

w(q) = W (q)− W̄ =
λ

σ2
max {q − q∗, 0} ,

where the last equality uses the definition of q∗. The firm gives the manager an option with

strike price q∗ = e∗+ σ2

λ
W̄ > e∗ and a slope λ

σ2 chosen so that (G.1) holds (which can be shown

to exist and be unique).

Next, suppose that the IR binds so that µIR ≥ 0. Then, for W (q) > W̄ , we must have

W (q) = λ
q − e∗

σ2
+ µIR,

so that

W (q) > W̄ ⇐⇒ µIR > W̄ − λq − e
∗

σ2
.

For W (q) = W̄ , we have:

W̄ = λ
q − e∗

σ2
+ µIR + µLL(q),

so that µLL(q) ≥ 0 if and only if

µLL(q) = W̄ − λq − e
∗

σ2
− µIR ≥ 0

⇐⇒ W̄ − λq − e
∗

σ2
≥ µIR.

Define the strike price q∗ as the solution to

W̄ − λq
∗ − e∗

σ2
= µIR,

11



that is,

q∗ ≡ e∗ +
σ2

λ

(
W̄ − µIR

)
≤ e∗ +

σ2

λ
W̄ .

Combining both conditions, we obtain

W (q) =

{
λ
σ2 (q − q∗) + W̄ if q ≥ q∗

W̄ if q ≤ q∗
,

which again corresponds to an option with strike price q∗ and slope λ
σ2 . Here, λ and q∗ are

chosen so that both (G.1) and (G.2) hold with equality.

Lemma 6 gives an upper bound on λ:

Lemma 6 Suppose e∗ > 0 is the effort that solves the firm’s relaxed program. Then the optimal

contract is

w(q) = max

{
λ

σ2
(q − q∗) , 0

}
,

where 0 < λ <
√

2πσe∗ and q∗ ≤ e∗ + σ2

λ
W̄ .

Proof. From Lemma 5, we need to show that λ ≤
√

2πσe∗. Recall that the optimal contract

that implements effort e > 0 is the option:

w(q) = max

{
λ

σ2
(q − q∗) , 0

}
,

where q∗ ≤ σ2

λ
W̄ + e. Since the firm’s net profits q − w(q) are increasing in the strike price

q∗ (holding constant all other variables, including effort), its profits are bounded above by the

profits from offering the option with the highest strike price (q̄ = σ2

λ
W̄ + e ≥ q∗), which equal

e−

[
λ

σ2

∫ ∞
σ2

λ
W̄+e

(
q − e− σ2

λ
W̄

)
1

σ
ϕ

(
q − e
σ

)
dq

]
.

Let z ≡ q − e− σ2

λ
W̄ , so that q = z + e + σ2

λ
W̄ . Note that q ≥ σ2

λ
W̄ + e if and only if z ≥ 0.

Thus, we can rewrite this expression as

e−

[
λ

σ2

∫ ∞
0

z
1

σ
ϕ

(
z + σ2

λ
W̄

σ

)
dz

]
.

12



Moreover, since ϕ(z) is decreasing in z for z > 0, it follows that

ϕ

(
z + W̄

λ

σ

)
< ϕ

( z
σ

)
∀z > 0.

Thus, the firm’s profits are strictly less than

e− λ

σ2

∫ ∞
0

z

σ
ϕ
( z
σ

)
dz. (G.4)

Apply the following change of variables y = z
σ

(so that z = σy, dz = σdy) to write∫ ∞
0

z

σ
ϕ
( z
σ

)
dz = σ

∫ ∞
0

yϕ (y) dy.

Integrating by parts gives ∫ ∞
0

yϕ(y)dy = [−ϕ(y)]∞0 = ϕ(0) =
1√
2π
.

Substituting into (G.4), the firm’s profits are strictly less than

e− 1√
2π
· λ
σ
.

Since the firm can always obtain a profit of zero by paying zero wages and implementing zero

effort, we must have

e− 1√
2π
· λ
σ
> 0 ⇐⇒ λ <

√
2πσe.

Lemma 7 provides an additional upper bound:

Lemma 7 For any q∗ ∈ R, e ∈ [0, ē], σ > 0 and λ > 0, we have

∫
ln

(
W̄ +

λ

σ2
·max {(q − q∗) , 0}

)[(
q − e
σ

)2

− 1

]
1

σ
ϕ

(
q − e
σ

)
dq

≤
∫ [

W̄ +
λ

σ2
·max {(q − q∗) , 0}

] [(
q − e
σ

)2

− 1

]
1

σ
ϕ

(
q − e
σ

)
dq.

13



Proof. For notational simplicity, let y ≡ q∗−e
σ

, apply the change of variables z ≡ q−e
σ

, and let

g(z) ≡ W̄ +
λ

σ
·max {z − y, 0} − ln

(
W̄ +

λ

σ
·max {z − y, 0}

)
.

Then, the inequality in Lemma 7 can be written as∫ ∞
−∞

g(z)
(
z2 − 1

)
ϕ (z) dz ≥ 0.

We claim that g(·) is nondecreasing. To see this, note that, for z ≤ y, g(z) = W̄ − ln(W̄ )

(which is constant in z). For z > y, we have

g′(z) =
λ

σ

(
W̄ − 1 + λ

σ
(z − y)

W̄ + λ
σ

(z − y)

)
,

which is positive for all z > y since W̄ ≥ 1. Since g is nondecreasing, we have g(q) ≥ g(−q)
for q ≥ 0 and d

dq
[g(q)− g(−q)] ≥ 0. Note that, applying the change of variables z̃ = −z and

using the symmetry of (z2 − 1)ϕ (z) around zero, we have:∫ 0

−∞
g(z)

(
z2 − 1

)
ϕ (z) dz = −

∫ ∞
0

g(−z)
(
z2 − 1

)
ϕ (z) dz. (G.5)

Therefore,∫
g(z) (z2 − 1)ϕ (z) dz =

∫ 0

−∞ g(z) (z2 − 1)ϕ (z) dz +
∫∞

0
g(z) (z2 − 1)ϕ (z) dz

= −
∫∞

0
g(−z) (z2 − 1)ϕ (z) dz +

∫∞
0
g(z) (z2 − 1)ϕ (z) dz

=
∫∞

0
[g(z)− g(−z)] (z2 − 1)ϕ (z) dz

=
∫ 1

0
[g(z)− g(−z)] (z2 − 1)ϕ (z) dz +

∫∞
1

[g(z)− g(−z)] (z2 − 1)ϕ (z) dz

≥
∫ 1

0
[g(1)− g(−1)] (z2 − 1)ϕ (z) dz +

∫∞
1

[g(1)− g(−1)] (z2 − 1)ϕ (z) dz

= [g(1)− g(−1)]
∫∞

0
(z2 − 1)ϕ (z) dz = 0,

where the first line opens the integral between positive and negative values of z, the second line

substitutes (G.5), the third line combines the terms from the two integrals, and the fourth line

opens the integral between z ≤ 1 and z ≥ 1. The fifth line is the crucial step, which uses the

following two facts: (i) z2 > (<)1 for z > (<)1, and (ii) g(z)− g(−z) is nondecreasing for all

z. Therefore, substituting g(z)− g(−z) by its upper bound where the term inside the integral

is negative, and by its lower bound where it is positive, lowers the value of the integrand. The
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sixth line combines terms and uses the fact that∫ ∞
0

(
z2 − 1

)
ϕ (z) dz = [−zϕ(z)]∞0 = 0.

Lemma 8 shows that the solution of the relaxed program also solves the firm’s program if

the effort cost is sufficiently convex; that is, the FOA is valid.

Lemma 8 Suppose C ′′(e) ≥ ē
σ

for all e ∈ [0, ē]. Then, the solution of the firm’s program

coincides with the solution of the relaxed program.

Proof. The manager’s utility from choosing effort e is

U(e; q∗, λ) ≡
∫

ln

(
W̄ +

λ

σ2
·max {(q − q∗) , 0}

)
1

σ
ϕ

(
q − e
σ

)
dq − C(e).

We know from previous results that 0 < λ <
√

2πσe∗. The FOA is valid if

∂2U

∂e2
(e; q∗, λ) ≤ 0

for all e ∈ [0, ē], all q∗ ∈ R, and λ ∈ (0,
√

2πσē). Differentiating gives

∂2U
∂e2

=
∫

ln
(
W̄ + λ

σ2 ·max {(q − q∗) , 0}
)

1
σ
d2

de

[
ϕ
(
q−e
σ

)]
dq − C ′′(e)

= 1
σ2

∫
ln
(
W̄ + λ

σ2 ·max {(q − q∗) , 0}
)

1
σ

[(
q−e
σ

)2 − 1
]
ϕ
(
q−e
σ

)
dq − C ′′(e)

, (G.6)

where the second line uses the fact that d2

de2

[
ϕ
(
q−e
σ

)]
= 1

σ2

[(
q−e
σ

)2 − 1
]
ϕ
(
q−e
σ

)
. Note that

∫
ln
(
W̄ + λ

σ2 ·max {(q − q∗) , 0}
) [(

q−e
σ

)2 − 1
]

1
σ
ϕ
(
q−e
σ

)
dq

≤
∫ [
W̄ + λ

σ2 ·max {(q − q∗) , 0}
] [(

q−e
σ

)2 − 1
]

1
σ
ϕ
(
q−e
σ

)
dq

= λ
σ2 ·

∫
[max {(q − q∗) , 0}]

[(
q−e
σ

)2 − 1
]

1
σ
ϕ
(
q−e
σ

)
dq

= λ
σ2 ·

∫∞
q∗

(q − q∗)
[(

q−e
σ

)2 − 1
]

1
σ
ϕ
(
q−e
σ

)
dq,

where the inequality uses Lemma 7, the third line follows from
∫ [(

q−e
σ

)2 − 1
]

1
σ
ϕ
(
q−e
σ

)
dq = 0

(a standard normal variable has variance 1), and the fourth line opens the max operator.

Substituting in the expression from (G.6), we obtain the following sufficient condition for the
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validity of the FOA:

λ

σ4
·
∫ ∞
q∗

(q − q∗)

[(
q − e
σ

)2

− 1

]
1

σ
ϕ

(
q − e
σ

)
dq ≤ C ′′(e) (G.7)

for all e ∈ [0, ē], q∗ ∈ R, and λ ∈ (0,
√

2πσē).

Let ξ(q∗) ≡
∫∞
q∗

(q − q∗)
[(

q−e
σ

)2 − 1
]

1
σ
ϕ
(
q−e
σ

)
dq. We claim that ξ′ (q∗)

{
>

<

}
0 ⇐⇒

q∗

{
<

>

}
e. Differentiating yields:

ξ′ (q∗) = −
∫ ∞
q∗

[(
q − e
σ

)2

− 1

]
1

σ
ϕ

(
q − e
σ

)
dq. (G.8)

Note that

d

dq

[
−
(
q − e
σ

)
ϕ

(
q − e
σ

)]
= − 1

σ
ϕ

(
q − e
σ

)
−
(
q − e
σ

)
1

σ
ϕ′
(
q − e
σ

)
=

[(
q − e
σ

)2

− 1

]
1

σ
ϕ

(
q − e
σ

)
,

where the last equality uses the fact that ϕ′(q) = −qϕ(q). Therefore,

∫ [(
q − e
σ

)2

− 1

]
1

σ
ϕ

(
q − e
σ

)
dq = −

(
q − e
σ

)
ϕ

(
q − e
σ

)
.

Substituting back into (G.8) gives:

ξ′ (q∗) = −
(
q∗ − e
σ

)
ϕ

(
q∗ − e
σ

){
>

<

}
0 ⇐⇒ q∗

{
<

>

}
e.

Therefore, ξ(·) is maximized at q∗ = e, so that, by condition (G.7), it suffices to show that

λ

σ4
· ξ(e) ≤ C ′′(e). (G.9)

Evaluating ξ at e gives:

ξ(e) =

∫ ∞
e

(q − e)

[(
q − e
σ

)2

− 1

]
1

σ
ϕ

(
q − e
σ

)
dq.
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Performing the change of variables z ≡ q−e
σ

, we obtain

ξ(e) =

∫ ∞
e

(
q − e
σ

)[(
q − e
σ

)2

− 1

]
ϕ

(
q − e
σ

)
dq = σ

∫ ∞
0

z
(
z2 − 1

)
ϕ (z) dz. (G.10)

Integrating by parts gives∫
z
(
z2 − 1

)
ϕ (z) dz = −z2ϕ(z) +

∫
zϕ (z) dz,

where we let (z2 − 1)ϕ (z) dz = dv so that v = −zϕ (z), and we let u = z, so that du = dz.

Therefore ∫ ∞
0

z
(
z2 − 1

)
ϕ (z) dz =

∫ ∞
0

zϕ (z) dz.

Using d
dz

[−ϕ(z)] = zϕ (z) , we have∫ ∞
0

z
(
z2 − 1

)
ϕ (z) dz = [−ϕ(z)]+∞0 = ϕ(0) =

1√
2π
.

Substituting into (G.10), yields

ξ(e) =
σ√
2π
.

Substituting into (G.9), we obtain the following sufficient condition:

λ√
2πσ3

≤ C ′′(e),

which is true for all e ∈ [0, ē] and all λ ∈ (0,
√

2πσē) if and only if

C ′′(e) ≥ ē

σ2
∀e ∈ [0, ē].

Proposition 5 provides a sufficient condition for the FOA with an additional performance

signal, for a subset of signal distributions.

Proposition 5 We consider the same setting as in Proposition 2, and a signal distribution

such that: (i) h′′s(e) ≤ 0 for all s; (ii) φse linear in e for all s; (iii) hs1(e) ≤ hs2(e), h′s1 (e) ≤
h′s2 (e), and σs1 ≥ σs2 for any s1, s2 with dφ

s1
e

de
> 0 > dφ

s2
e

de
and any e ∈ [0, ē]. Then the FOA is

valid if C ′′(e) ≥
∑

s φ
s
e∗hs (ē)

∑
s
φse
σ3
s

(h′s(e))
2

∑
s

φs
e∗
σs

for all e ∈ [0, ē].
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Proof of Proposition 5: Let ϕ denote the PDF of the standard normal distribution. Let

Ws(q) := W̄ + ws(q) denote the manager’s consumption (i.e., the manager’s initial wealth W̄

plus his pay). His IC, IR, and LL are, respectively:

e ∈ arg max
ê∈[0,ē]

∑
s

φse

∫
ln [Ws (q)]

1

σs
ϕ

(
q − hs (ê)

σs

)
dq − C(ê),

∑
s

φse

∫
ln (Ws (q))

1

σs
ϕ

(
q − hs (e)

σs

)
dq − C(e) ≥ 0,

Ws (q) ≥ W̄ ∀q, s.

To simplify notation, we will work with the manager’s indirect utility, us(q) := ln (Ws (q)),

so that Ws(q) = exp[us(q)]. This step is without loss of generality. The next step, which in

general is not without loss of generality, is to replace the IC by its FOC:

∑
s

φse

∫
us (q)

q − hs (e)

σ3
s

ϕ

(
q − hs (e)

σs

)
dq − C ′(e)


≥ 0 if e = ē

= 0 if e ∈ (0, ē)

≤ 0 if e = 0

. (G.11)

Since replacing the IC by its FOC is not always valid, after solving the firm’s relaxed program,

we will need to verify that its solution satisfies the IC. It is convenient to multiply both sides

of LL by 1
σs
ϕ
(
q−hs(e)
σs

)
φse > 0, rewriting it as:

1

σs
ϕ

(
q − hs (e)

σs

)
φseus (q) ≥ 1

σs
ϕ

(
q − hs (e)

σs

)
φse ln

(
W̄
)
∀q, s. (G.12)

The principal’s relaxed program is

max
{us(q)}q,s,e

∑
s

φse

∫
{q − exp [us(q)]}

1

σs
ϕ

(
q − hs (e)

σs

)
dq

subject to (G.11), (G.12), and

∑
s

φse

∫
us (q)

1

σs
ϕ

(
q − hs (e)

σs

)
dq − C(e) ≥ 0. (G.13)

As in Grossman and Hart (1983), we break down this program in two parts. First, we consider
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the solution of the relaxed program holding each effort e ∈ [0, ē] fixed:

min
u(·)

∑
s

φse

∫
exp [us(q)]

1

σs
ϕ

(
q − hs (e)

σs

)
dq

subject to (G.11), (G.12), and (G.13).

The optimal contract to implement the lowest effort (e∗ = 0) pays a fixed wage. The

utility given to the manager is set at the lowest level that still satisfies both the LL and IR:

us(q) = max{ln
(
W̄
)
, C(0)} for all q, s.

Lemma 9 obtains the solution of the relaxed program for e∗ > 0.

Lemma 9 The optimal contract that implements e∗ > 0 in the relaxed program is

ws(q) =
λ

σ2
s

·max {q − q∗s , 0} ,

where q∗s ≤ σ2
s
W̄
λ

+ hs (e∗) (with equality if the IR does not bind).

Proof. The (infinite-dimensional) Lagrangian associated with this program is

∑
s

φse

∫
exp [us(q)]

1

σs
ϕ

(
q − hs (e∗)

σs

)
dq

+λ

[∑
s

φse

∫
us (q)

q − hs (e∗)

σ3
s

ϕ

(
q − hs (e∗)

σs

)
dq − C ′(e∗)

]

+µIR

[∑
s

φse

∫
us (q)

1

σs
ϕ

(
q − hs (e∗)

σs

)
dq − C(e∗)

]

+µLL(q, s)
1

σs
ϕ

(
q − hs (e∗)

σs

)
φseus (q) .

The FOC is

− exp [us(q)]
1

σs
ϕ

(
q − hs (e∗)

σs

)
φse + λ

q − hs (e∗)

σ3
s

ϕ

(
q − hs (e∗)

σs

)
φse

+µIR
1

σs
ϕ

(
q − hs (e∗)

σs

)
φse + µLL(q, s)

1

σs
ϕ

(
q − hs (e∗)

σs

)
φse = 0,

where λ is the multiplier associated with (G.11), and µLL and µIR are the multipliers associated

with (G.12) and (G.13). Since the program corresponds to the minimization of a strictly convex
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function subject to linear constraints, the FOC above, along with the standard complementary

slackness conditions and the constraints, are sufficient for an optimum. Substitute exp [us (q)] =

Ws(q) and simplify the FOC above to obtain:

Ws(q) = λ
q − hs (e∗)

σ2
s

+ µIR + µLL(q, s).

By complementary slackness, we must have µIR ≥ 0 (with µIR = 0 if IR does not bind).

Similarly, µLL(q) ≥ 0 with equality if Ws(q) > W̄ . Thus, for Ws(q) > W̄ , we must have

Ws(q) = λ
q − hs (e∗)

σ2
s

+ µIR > W̄ ,

which can be rearranged as

q > σ2
s

W̄ − µIR
λ

+ hs (e∗) =: q∗s .

For Ws(q) = W̄ , we must have

µLL(q, s) = W̄ − λq − hs (e∗)

σ2
s

− µIR ≥ 0 ⇐⇒ q ≤ q∗s .

Combining both conditions, we obtain

Ws(q) = max

{
λ
q − hs (e∗)

σ2
s

+ µIR, W̄

}
= W̄ +

λ

σ2
s

·max {q − q∗s , 0} .

Thus,

ws(q) =
λ

σ2
s

·max {q − q∗s , 0} .

Finally, since µIR ≥ 0,

q∗s = σ2
s

W̄ − µIR
λ

+ hs (e∗) ≤ hs (e∗) + σ2
s

W̄

λ
,

with equality if IR does not bind (in which case, we have µIR = 0).

Lemma 10 gives an upper bound on λ:

Lemma 10 Suppose e∗ > 0 is the effort that solves the firm’s relaxed program. Then the
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optimal contract is

ws(q) = max

{
λ

σ2
s

(q − q∗s) , 0

}
,

where 0 < λ <
√

2π
∑
s φ

s
e∗hs(e

∗)∑
s

φs
e∗
σ2
s

and q∗s ≤ hs (e∗) + σ2
s
W̄
λ

.

Proof. From Lemma 10, we need to show that λ ≤
√

2π
∑
s φ

s
e∗hs(e

∗)∑
s

φs
e∗
σ2
s

. Recall that the optimal

contract that implements effort e∗ > 0 is the option:

ws(q) = max

{
λ

σ2
s

(q − q∗s) , 0

}
,

where q∗s ≤ hs (e∗) + σ2
s
W̄
λ

. Since the firm’s net profits q − w(q) are increasing in the strike

price q∗s (holding constant all other variables, including effort), its profits are bounded above

by the profits from offering the option with the highest strike price for each signal s (q̄s =

hs (e∗) + σ2
s
W̄
λ
≥ q∗s), which equal

∑
s

φse∗hs (e∗)−
∑
s

φse∗

[
λ

σ2
s

∫ ∞
hs(e∗)+σ2

s
W̄
λ

(
q − hs (e∗)− σ2

s

W̄

λ

)
1

σs
ϕ

(
q − hs (e∗)

σs

)
dq

]
.

For each s, let z ≡ q−hs (e∗)−σ2
s
W̄
λ

, so that q = z+hs (e∗)+σ2
s
W̄
λ

. Note that q ≥ hs (e∗)+σ2
s
W̄
λ

if and only if z ≥ 0. Thus, we can rewrite this expression as

∑
s

φse∗hs (e∗)−
∑
s

φse∗

[
λ

σ2
s

∫ ∞
0

z
1

σs
ϕ

(
z + σ2

s

λ
W̄

σs

)
dz

]
.

Moreover, since ϕ(z) is decreasing in z for z > 0, it follows that, for any s,

ϕ

(
z + σ2

s
W̄
λ

σs

)
< ϕ

(
z

σs

)
∀z > 0.

Thus, the firm’s profits are strictly less than

∑
s

φse∗hs (e∗)−
∑
s

φse∗
λ

σ2
s

∫ ∞
0

z

σs
ϕ

(
z

σs

)
dz. (G.14)
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Apply the following change of variables y = z
σs

(so that z = σsy, dz = σsdy) to write∫ ∞
0

z

σs
ϕ

(
z

σs

)
dz = σs

∫ ∞
0

yϕ (y) dy.

Integrating by parts gives ∫ ∞
0

yϕ(y)dy = [−ϕ(y)]∞0 = ϕ(0) =
1√
2π
.

Substituting into (G.14), the firm’s profits are strictly less than

∑
s

φse∗hs (e∗)−
∑
s

φse∗
1√
2π
· λ
σs
.

Since the firm can always obtain a profit of zero by paying zero wages and implementing zero

effort, we must have

∑
s

φse∗hs (e∗)− λ√
2π

∑
s

φse∗

σs
> 0 ⇐⇒ λ <

√
2π
∑

s φ
s
e∗hs (e∗)∑

s

φs
e∗
σs

.

Lemma 11 provides an additional upper bound:

Lemma 11 For any q∗s ∈ R ∀s, e ∈ [0, ē], e∗ ∈ [0, ē], σs > 0∀s, and λ > 0, we have

∑
s

φse

∫
ln

(
W̄ +

λ

σ2
s

·max {q − q∗s , 0}
)

(h′s(e))
2

[
(q − hs (e))2

σ4
s

− 1

σ2
s

]
1

σs
ϕ

(
q − hs (e)

σs

)
dq

≤
∑
s

φse

∫ [
W̄ +

λ

σ2
s

·max {q − q∗s , 0}
]

(h′s(e))
2

[
(q − hs (e))2

σ4
s

− 1

σ2
s

]
1

σs
ϕ

(
q − hs (e)

σs

)
dq.

Proof. For notational simplicity, for each s, let ys := q∗s−hs(e)
σs

, apply the change of variables

zs := q−hs(e)
σs

, and let

gs(z) := W̄ +
λ

σs
·max {z − ys, 0} − ln

(
W̄ +

λ

σs
·max {z − ys, 0}

)
.
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Then, the inequality in Lemma 11 can be written as

∑
s

φse
σ3
s

(h′s(e))
2

∫ ∞
−∞

gs(z)
(
z2 − 1

)
ϕ (z) dz ≥ 0. (G.15)

The terms φse, σs, and (h′s(e))
2 are positive, so it remains to prove that this integral is positive.

We claim that, for each s, gs(·) is nondecreasing. To see this, notice that, for zs ≤ ys ,

gs(z) = W̄ − ln(W̄ ) (which is constant in zs). For zs > ys, we have

g′s(z) =
λ

σs

(
W̄ − 1 + λ

σs
(z − y)

W̄ + λ
σs

(z − y)

)
,

which is positive for all zs > ys since W̄ ≥ 1. Since g is nondecreasing, we have gs(q) ≥ gs(−q)
for q ≥ 0 and d

dq
[gs(q)− gs(−q)] ≥ 0. Note that, applying the change of variables z̃ = −z and

using the symmetry of (z2 − 1)ϕ (z) around zero, we have:∫ 0

−∞
gs(z)

(
z2 − 1

)
ϕ (z) dz = −

∫ ∞
0

gs(−z)
(
z2 − 1

)
ϕ (z) dz. (G.16)

Therefore,∫
gs(z) (z2 − 1)ϕ (z) dz =

∫ 0

−∞ gs(z) (z2 − 1)ϕ (z) dz +
∫∞

0
gs(z) (z2 − 1)ϕ (z) dz

= −
∫∞

0
gs(−z) (z2 − 1)ϕ (z) dz +

∫∞
0
gs(z) (z2 − 1)ϕ (z) dz

=
∫∞

0
[gs(z)− gs(−z)] (z2 − 1)ϕ (z) dz

=
∫ 1

0
[gs(z)− gs(−z)] (z2 − 1)ϕ (z) dz +

∫∞
1

[gs(z)− gs(−z)] (z2 − 1)ϕ (z) dz

≥
∫ 1

0
[gs(1)− gs(−1)] (z2 − 1)ϕ (z) dz +

∫∞
1

[gs(1)− gs(−1)] (z2 − 1)ϕ (z) dz

= [gs(1)− gs(−1)]
∫∞

0
(z2 − 1)ϕ (z) dz = 0,

where the first line opens the integral between positive and negative values of z, the second line

substitutes (G.16), the third line combines the terms from the two integrals, and the fourth

line opens the integral between z ≤ 1 and z ≥ 1. The fifth line is the crucial step, which uses

the following two facts: (i) z2 > (<)1 for z > (<)1, and (ii) gs(z) − gs(−z) is nondecreasing

for all z. Therefore, substituting gs(z) − gs(−z) by its upper bound where the term inside

the integral is negative, and by its lower bound where it is positive, lowers the value of the

integrand. The sixth line combines terms and uses the fact that∫ ∞
0

(
z2 − 1

)
ϕ (z) dz = [−zϕ(z)]∞0 = 0.
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Lemma 12 shows that the solution of the relaxed program also solves the firm’s program if

the effort cost is sufficiently convex; that is, the FOA is valid.

Lemma 12 Suppose C ′′(e) ≥
∑

s φ
s
e∗hs (ē)

∑
s
φse
σ3
s

(h′s(e))
2

∑
s

φs
e∗
σs

for all e ∈ [0, ē]. Then, the solution of

the firm’s program coincides with the solution of the relaxed program.

Proof. The manager’s utility from choosing effort e is

U(e; {q∗s}, λ) :=
∑
s

φse

∫
ln

(
W̄ +

λ

σ2
s

·max {q − q∗s , 0}
)

1

σs
ϕ

(
q − hs (e)

σs

)
dq − C(e).

We know from previous results that 0 < λ <
√

2π
∑
s φ

s
e∗hs(ē)∑

s

φs
e∗
σs

. The FOA is valid if

∂2U

∂e2
(e; {q∗s}, λ) ≤ 0

for all e ∈ [0, ē], all q∗s ∈ R, and λ ∈
(

0,
√

2π
∑
s φ

s
e∗hs(ē)∑

s

φs
e∗
σs

)
. Differentiating gives

∂2U
∂e2

=
∑

s

∫
ln
(
W̄ + λ

σ2
s
·max {q − q∗s , 0}

)
1
σs

d2

de2

[
φseϕ

(
q−hs(e)
σs

)]
dq − C ′′(e)

=
∑

s

∫
ln
(
W̄ + λ

σ2
s
·max {q − q∗s , 0}

)
1
σs

d
de

[
dφse
de
ϕ
(
q−hs(e)
σs

)
+ φse

d
de
ϕ
(
q−hs(e)
σs

)]
dq − C ′′(e)

=
∑

s

∫
ln
(
W̄ + λ

σ2
s
·max {q − q∗s , 0}

)
1
σs

[
d2φse
de2

ϕ
(
q−hs(e)
σs

)
+ 2dφ

s
e

de
d
de
ϕ
(
q−hs(e)
σs

)
+φse

d2

de2
ϕ
(
q−hs(e)
σs

)]
dq − C ′′(e)

=
∑

s
d2φse
de2

∫
ln
(
W̄ + λ

σ2
s
·max {q − q∗s , 0}

)
1
σs
ϕ
(
q−hs(e)
σs

)
dq

+2
∑

s
dφse
de

h′s(e)
σ2
s

∫
ln
(
W̄ + λ

σ2
s
·max {q − q∗s , 0}

)
q−hs(e)
σs

ϕ
(
q−hs(e)
σs

)
dq

+
∑

s
φse
σ2
s

∫
ln
(
W̄ + λ

σ2
s
·max {q − q∗s , 0}

)
1
σs

×
[
(h′s(e))

2
[

(q−hs(e))2

σ2
s

− 1
]

+ h′′s(e) (q − hs (e))
]
ϕ
(
q−hs(e)
σs

)
dq − C ′′(e)

,

(G.17)

where the last equality uses the fact that

d2

de2

[
ϕ

(
q − hs (e)

σs

)]
=

1

σ2
s

[
(h′s(e))

2

(
(q − hs (e))2

σ2
s

− 1

)
+ h′′s(e) (q − hs (e))

]
ϕ

(
q − hs (e)

σs

)
.
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First, with φse linear in e (assumption (ii) in Proposition 5), d2φse
de2

= 0∀s, so that the first

term on the RHS of (G.17) is zero.

Second, the second term on the RHS of (G.17) can be rewritten as:

2
∑

s
dφse
de

h′s(e)
σ2
s

∫
ln
(
W̄ + λ

σ2
s
·max {q − q∗s , 0}

)
q−hs(e)
σs

ϕ
(
q−hs(e)
σs

)
dq

= 2
∑

s
dφse
de

h′s(e)
σ2
s

[ ∫ q∗s
−∞ ln

(
W̄
)
q−hs(e)
σs

ϕ
(
q−hs(e)
σs

)
dq

+
∫∞
q∗s

ln
(
W̄ + λ

σ2
s

(q − q∗s)
)
q−hs(e)
σs

ϕ
(
q−hs(e)
σs

)
dq

]
, (G.18)

where q∗s = σ2
s
W̄−µIR

λ
+ hs (e∗). For a given e, letting ζs := q−hs(e)

σs
and ζ∗s := q∗s−hs(e)

σs
, we have:∫

ln

(
W̄ +

λ

σ2
s

·max {q − q∗s , 0}
)
q − hs (e)

σs

1

σs
ϕ

(
q − hs (e)

σs

)
dq

=

∫
ln

(
W̄ +

λ

σs
·max {ζ − ζ∗s , 0}

)
ζϕ (ζ) dζ

=

∫ ζ∗s

−∞
ln
(
W̄
)
ζϕ (ζ) dζ +

∫ ∞
ζ∗s

ln

(
W̄ +

λ

σs
(ζ − ζ∗s )

)
ζϕ (ζ) dζ ≥ 0, (G.19)

where the inequality follows from W̄ ≥ 1 and the symmetry of the normal distribution. This

shows that, in Equation (G.18), the term in brackets is increasing in hs(e) and in h′s (e), and

decreasing in σs, all else equal. Note that, as
∑

s φ
s
e = 1∀e, we have

∑
s
dφse
de

= 0, which implies

∑
s| dφ

s
e

de
>0

dφse
de

= −
∑

s| dφ
s
e

de
<0

dφse
de

.

In sum, with assumption (iii), the expression in (G.18) is negative.

Third, we now show that the third term on the RHS of (G.17) is negative. With φse ≥ 0

and σs > 0 for all s, with h′′s(e) ≤ 0 for all s (assumption (i)), and with Equation (G.19), we

have∑
s

φse
σs
h′′s(e)

∫
ln

(
W̄ +

λ

σ2
s

·max {q − q∗s , 0}
)
q − hs (e)

σs

1

σs
ϕ

(
q − hs (e)

σs

)
dq ≤ 0. (G.20)
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Moreover:∑
s
φse
σ2
s

∫
ln
(
W̄ + λ

σ2
s
·max {q − q∗s , 0}

) [
(h′s(e))

2
[

(q−hs(e))2

σ2
s

− 1
]

+ h′′s(e) (q − hs (e))
]

1
σs
ϕ
(
q−hs(e)
σs

)
dq

=
∑

s
φse
σ2
s

∫
ln
(
W̄ + λ

σ2
s
·max {q − q∗s , 0}

)
(h′s(e))

2
[

(q−hs(e))2

σ2
s

− 1
]

1
σs
ϕ
(
q−hs(e)
σs

)
dq

+
∑

s
φse
σs
h′′s(e)

∫
ln
(
W̄ + λ

σ2
s
·max {q − q∗s , 0}

)
q−hs(e)
σs

1
σs
ϕ
(
q−hs(e)
σs

)
dq

≤
∑

s
φse
σ2
s
(h′s(e))

2
∫ (

W̄ + λ
σ2
s
·max {q − q∗s , 0}

) [
(q−hs(e))2

σ2
s

− 1
]

1
σs
ϕ
(
q−hs(e)
σs

)
dq

=
∑

s λ
φse
σ4
s
(h′s(e))

2 ·
∫

max {q − q∗s , 0}
[

(q−hs(e))2

σ2
s

− 1
]

1
σs
ϕ
(
q−hs(e)
σs

)
dq

=
∑

s λ
φse
σ4
s
(h′s(e))

2 ·
∫∞
q∗s

(q − q∗s)
[

(q−hs(e))2

σ2
s

− 1
]

1
σs
ϕ
(
q−hs(e)
σs

)
dq,

where the first equality separates the sum into two components, the inequality that follows

uses the result from Lemma 11 and Equation (G.20), the next equality follows from

∫ [(
q − hs (e)

σs

)2

− 1

]
1

σs
ϕ

(
q − hs (e)

σs

)
dq = 0,

(a standard normal variable has variance 1), and the last equality opens the max operator.

Substituting in the expression from (G.17), we obtain the following sufficient condition for the

validity of the FOA:

λ
∑
s

φse
σ4
s

(h′s (e))
2 ·
∫ ∞
q∗s

(q − q∗s)

[(
q − hs (e)

σs

)2

− 1

]
1

σs
ϕ

(
q − hs (e)

σs

)
dq ≤ C ′′(e) (G.21)

for all e ∈ [0, ē], q∗s ∈ R, and λ ∈
(

0,
√

2π
∑
s φ

s
e∗hs(ē)∑

s

φs
e∗
σs

)
. Let

ξs(q
∗
s) :=

∫ ∞
q∗s

(q − q∗s)

[(
q − hs (e)

σs

)2

− 1

]
1

σs
ϕ

(
q − hs (e)

σs

)
dq.

We claim that

ξ′s(q
∗
s)

{
>

<

}
0 ⇐⇒ q∗s

{
<

>

}
hs (e) . (G.22)

Differentiating yields

ξ′s(q
∗
s) = −

∫ ∞
q∗s

[(
q − hs (e)

σs

)2

− 1

]
1

σs
ϕ

(
q − hs (e)

σs

)
dq. (G.23)
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Note that

d

dq

[
−
(
q − hs (e)

σs

)
ϕ

(
q − hs (e)

σs

)]
= − 1

σs
ϕ

(
q − hs (e)

σs

)
−
(
q − hs (e)

σs

)
1

σs
ϕ′
(
q − hs (e)

σs

)
=

[(
q − hs (e)

σs

)2

− 1

]
1

σs
ϕ

(
q − hs (e)

σs

)
,

where the last equality uses the fact that ϕ′(q) = −qϕ(q). Therefore,

∫ [(
q − hs (e)

σs

)2

− 1

]
1

σs
ϕ

(
q − hs (e)

σs

)
dq = −

(
q − hs (e)

σs

)
ϕ

(
q − hs (e)

σs

)
.

Substituting back into (G.23) gives

ξ′s(q
∗
s) = −

(
q∗s − hs (e)

σs

)
ϕ

(
q∗s − hs (e)

σs

){
>

<

}
0 ⇐⇒ q∗s

{
<

>

}
hs (e) .

Therefore, ξs(·) is maximized at q∗s = hs(e), so that, by condition (G.21), it suffices to show

that

λ
∑
s

φse
σ4
s

(h′s (e))
2 · ξs(hs(e)) ≤ C ′′(e), (G.24)

for all e ∈ [0, ē] and λ ∈
(

0,
√

2π
∑
s φ

s
e∗hs(ē)∑

s

φs
e∗
σs

)
. Evaluating ξs at hs(e) gives:

ξs(hs(e)) =

∫ ∞
hs(e)

q − hs (e)

σs

[(
q − hs (e)

σs

)2

− 1

]
ϕ

(
q − hs (e)

σs

)
dq.

Performing the change of variables zs ≡ q−hs(e)
σs

, we obtain

ξs(hs(e)) = σs

∫ ∞
0

z
(
z2 − 1

)
ϕ (z) dz. (G.25)

Integrating by parts gives∫
z
(
z2 − 1

)
ϕ (z) dz = −z2ϕ(z) +

∫
zϕ (z) dz,

where we let (z2 − 1)ϕ (z) dz = dv so that v = −zϕ (z), and we let u = z, so that du = dz.
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Therefore ∫ ∞
0

z
(
z2 − 1

)
ϕ (z) dz =

∫ ∞
0

zϕ (z) dz.

Using d
dz

[−ϕ(z)] = zϕ (z) , we have∫ ∞
0

z
(
z2 − 1

)
ϕ (z) dz = [−ϕ(z)]+∞0 = ϕ(0) =

1√
2π
.

Substituting into (G.25), yields

ξs(hs(e)) =
σs√
2π
.

Substituting into (G.24), we obtain the following sufficient condition:

λ√
2π

∑
s

φse
σ3
s

(h′s (e))
2 ≤ C ′′(e),

which is true for all e ∈ [0, ē] and all λ ∈
(

0,
√

2π
∑
s φ

s
e∗hs(ē)∑

s

φs
e∗
σs

)
if

∑
s

φse∗hs (ē)

∑
s
φse
σ3
s

(h′s (e))2∑
s

φs
e∗
σs

≤ C ′′(e) ∀e ∈ [0, ē].

28


	The Model
	Setup
	The optimal contract

	How Performance Signals Affect Contracts
	Performance signals and the threshold
	Option repricing and performance vesting
	Performance-based vesting.
	Strike price.
	Applications.


	Implications
	Conclusion
	Proofs
	The First-Order Approach with Limited Liability
	Determinants of the Threshold
	Performance Signals and Pay-Performance Sensitivity 
	Proof of Lemma 4
	Proof of Proposition 3
	The first-order approach with limited liability,  normally distributed output, and log utility



